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Abstract 

We give a natural and complete description of Ecalle's mould-comould 
formalism within a Hopf-algebraic framework. The arborification trans- 
form thus appears as a factorization of characters, involving the shuffle 
or quasishuffle Hopf algebras, thanks to a universal property satisfied by 
Connes-Kreimer Hopf algebra. We give a straightforward characteriza- 
tion of the fundamental process of homogeneous coarborification, using 
the explicit duality between decorated Connes-Kreimer and Grossman- 
Larson algebras. Finally, we introduce a new Hopf algebra that systemat- 
ically underlies the calculations for the normalization of local dynamical 
systems. 
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1 Introduction 



The local study of dynamical systems, through normalizing transformations, in- 
volves calculations in groups, or pseudogroups, of diffeomorphisms (e. g. formal, 
or analytic) that are tangent to identity. Other situations where these explicit 
calculations are required are also numerous in key questions of classification of 
singular geometric structures. Another source of examples is given by the so 
called mechanism of Birkhoff decomposition ([IS]). The group G of formal tan- 
gent to Identity diffeomorphisms is the one in which most of the calculations 
are to be performed. 

To tackle problems of this kind, Jean Ecalle has developped a powerful com- 
binatorial environment, named mould calculus, that leads to formulas that are 
surprisingly explicit. This calculus has lately been the object of attention within 
the algebraic combinatorics community ([6], [32]). However, despite its striking 
achievements, this formalism has been little used in local dynamics, in pend- 
ing problems that anyway seem out of reach of other approaches. One reason 
might be that it uses a sophisticated system of notations, in which a number 
of infinite sums are manipulated, in a way that calls for a number of proofs 
and explanations, that are to a certain extent still missing in the few existing 
papers using mould calculus. Beside this, some constructions introduced by 
Ecalle, though obviously appearing as extraordinarily efficient, might remain a 
bit mysterious; an example of this is the so called homogeneous coarborification 
(0); fo r which we are now able to give in the present paper a very natural 
algebraic presentation. 

In fact, Ecalle's mould-comould formalism can be very naturally recast in 
a Hopf-algebraic setting, with the help of a number of Hopf algebras (shuf- 
fle, quasi-shuffle, their graded duals, etc) which are now widely used within 
algebraic combinatorics. In the present text, we show how this can be done, 
which makes it possible to give simple and quick proofs of important properties 
regarding mould calculus. 

As is now well known ([32], [E]), the Hopf-algebraic formulation of com- 
putations on formal diffeomorphisms involves the so called Faa di Bruno Hopf 
algebra, which encodes the eponymous formula for higher order chainrule. In 
fact, Hopf algebraic tools and concepts have very recently become pervasive in 
dynamical systems, see e.g. |28) and the references therein. Now, an essential 
point is the following: the reformulation of a classification problem through the 
use of Faa di Bruno Hopf algebra (or, more simply, calculations on compositions 
of diffeomorphisms involving the Faa di Bruno formula) , although satisfactory 
at the formal level will usually be inefficient, in the hard cases, for the question 
of analyticity of the series. Indeed, in difficult situations involving resonances 
and/ or small denominators, the formulas obtained through Fail di Bruno are 
most of the time not explicit enough to obtain satisfactory growth estimates on 
the coefficients. 

On the other hand, Ecalle's mould-comould expansions often lead to explicit 
coefficients but, when trying to control the size of these in a straightforward way, 
we often encounter systematic divergence, which claims for the introduction of 
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something subtler. 

So the need was for some sort of intermediate Hopf algebra, in which the 
algebraic calculations would still be tractable, and leading to explicit formulas 
from which key estimates can be obtained, to eventually get e.g. the analyticity 
properties we could expect. This is exactly what arborification/coarborification 
does. Once the original definitions of Ecalle are translated into a Hopf-algebraic 
setting, with the use of Connes-Kreimer Hopf algebra CK and its graded dual, 
it is possible to recognize that the arborification transform is nothing else that a 
property of factorisation of characters between Hopf algebras (we perform this 
at the same time for the shuffle and quasishuffle cases), using the fact that CK is 
an initial object for Hochschild cohomology for a particular category of cogebras 

(in, na, PS). 

Thus, the universality of the arborification mechanism is directly and nat- 
urally connected with a universal property satisfied by Connes-Kreimer Hopf 
algebra, whose importance is by now widely acknowledged (see e. g. [H]). 

The paper is organized as follows. In the next section, we recall a few basic 
facts concerning normalization in local dynamics, focusing on two basic situ- 
ations for which it is possible to introduce all the relevant objects in a simple, 
yet non trivial, context. The following section is devoted to an algebraic study 
of the group of tangent to identity formal diffeomorphisms, introducing at this 
stage the Faa di Bruno Hopf algebra %FdB- This section doesn't contain new 
results, yet we have chosen a presentation stressing the role of substitution auto- 
morphisms, and adopting a systematic way of looking at normalizing equations 
as equations on characters of Hopf algebras which are by now classical objects 
(basic terminology and facts on graded Hopf algebras are included). 

Then we are ready to interpret moulds, at least the ones with symmetry 
properties that are met in practice, as characters or infinitesimal characters on 
some classical Hopf algebras, namely symmetral (resp. Symmetrel) moulds as 
characters of the shuffle (resp. quasishuffle) Hopf algebra. This is the object 
of section 4, where the basic notions regarding moulds, comoulds and their 
"contractions" are given. 

In section [5] the key dual mechanisms of arborification and coarborifications 
are introduced, and described through the introduction of CK and its graded 
dual, known to be isomorphic to the Grossman-Larson Hopf algebra 

In fact, we show that the natural isomorphism between these two Hopf alge- 
bras leads directly, in the contexts of comoulds, to the process of homogeneous 
coarborification, which was put forward by Ecalle with very little explanation. 
A cautious handling of the symmetry factors of the trees is crucial, here. 

In section [6] we describe the Hopf algebra CK + which is ultimately used 
in practical calculations of normalizing transformations, for questions of clas- 
sification of dynamical systems, involving resonances and small denominators. 
This solves at the same time an algebraic problem and a essential analytic one, 
regarding the growth estimates of the coefficients of the diffeomorphisms. The 
point of view which is enhanced in the present paper can be summed up in the 
following considerations: 
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• The systematic of substitution automorphisms, which constitute an alter- 
native - a very profitable one, because it is more flexible — to changes of 
variables, naturally entail a Hopf-algebraic presentation 

• Calculations in the FdB Hopf algebra are a direct mirror of the traditional 
approach through normalizing transformations, yet they don't yield results 
which are explicit enough to tackle difficult cases 

• There is a hierarchy Sh/Qsh, CK, CK + of Hopf algebras, the first ones 
adapted to the simple formal classification results, the second one nec- 
essary for controlling the regularity of the formal constructions, under a 
strong non resonance condition, and the last one to take care of objects 
satisfying a weak nonresonance condition 

The main results of the text are thus the ones which concern the Hopf algebra 
CK + , which is the fundamental one to be used by the practitioner, in difficult 
problems involving small denominators. 

2 Normal forms 

To study a dynamical system, a standard procedure, since Poincare, is to try 
to conjugate the object to another one which is as simple as possible and for 
which the dynamics is well understood, and which is then called a normal form. 
The classes of objects that are considered in the present text are vector fields 
and diffeomorphisms in <C V and we study them near a singularity, namely a 
vanishing point for the field or a fixed point for the diffcomorphism. 

Conjugation is thus obtained through the action of a change of coordinates, 
performed by a diffeomorphism leaving the singular point invariant. When we 
consider, say, an analytic germ of vector field X at the origin, the simplest field 
to which we can hope to conjugate it through an analytic change of coordinates 
is the linear part X lln of X. When trying to do this, one immediately encoun- 
ters the possibility of obstructions; indeed, if the eigenvalues of X hn (supposed 
semi-simple) are Xi, . . . ,X V (with possible multiplicities), then even the formal 
conjugation of X to X lln is not possible when some combinations of the following 
type do exist: 

miAi + . . . ra v X v — Xi = (1) 

in this relation, i G {1, ...,;/}; the nij are nonnegative integers, with ^2 m j 2. 

Such a relation can also be written as (n, X) — where A = (Ai, . . . , A„) is 
the spectrum, n is a v— uple of integers that belongs to the following set: 
N = {(n\, . . . ,n u );rii ^ — 1, at most one being = — 1, andj^ n i ^ 1} 
In the sequel, we shall use the following notatiomand (n, A) = En^Ai 
A relation such as ([T]) is called a resonance, and we focus now on the non- 
resonant case, for which by definition no resonance exists. A standard way to 
obtain the linearization is then to conjugate with polynomial changes of coordi- 
nates our given field to its linear part, up to terms of a given valuation and then 
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composing these transforms in order to obtain in the end only the linear part. 
The absence of resonance ensures that each step is possible, and the formal 
convergence of the infinite product is easy. In the next section, an alternative 
method is described, which directly lead to moulds. In this way we obtain a 
unique linearizing transformation, if we impose that it be tangent to identity. 

Technically, it might happen that under the non resonance condition given 
above, some of the partial sums might vanish. If we want to avoid this, we 
have to consider a stronger non resonance condition, namely that the Xi are 
independant over TL. We shall below work out the algebraic formulation using 
the strong condition, and eventually in section 6 we will be able to cope with 
the weaker one, once the appropriate Hopf algebra has been defined. 

However, the formal transform will not always be convergent : in the process 
of computation of the linearization transform, whatever the chosen method, we 
encounter divisions by expressions m\X\ + . . . m v X u — \, which, although non 
zero, might be very small. This problem of occurence of small denominators 
calls for an extra hypothesis on the spectrum, in order to control the size of 
the coefficients of the series we are interested in. The original breakthrough 
was made by Siegel, and the best (it is known to be optimal in dimension 2) 
diophantine condition so far, is Brjuno's condition: 



where Q(h) = min {|(n, A) |, ^2 n i ^ M 

Under this condition it can be shown (Brjuno, [2]) that the normalization 
tranform is indeed analytic. 

The classification problem for germs of diffeomorphisms goes along the same 
lines: we consider a diffeo ip at the origin of in <C V and we wish to conjugate it 
to its linear part <p lm , with ip hn (x) = (hxi, . . . , l u x u ). In that case, a resonance 
can be written as 



with the exponents (mi)as above: m = (mi, . . . , m„) is inA/". In the absence of 
resonance, such a diffeo is formally conjugate to its linear part, and this can be 
proved by the same method as for fields. 

Here also, we shall have to consider a strong non resonance condition, namely 
that no relation of the above type vanishes, for any family of coefficients m, in 



Under the following diophantine hypothesis, it is known ([31 ) that the lin- 
earizing transform is analytic. 



where 0(/i) = min {I;™ 1 ..J™- - mi < h} 

In dimension one, there is a unique tangent to identity formal diffeo h that 
conjugates a given diffeo g : x — > Xx + Y*g n x n to its linear part gi , provided gi 




I™ 1 ... l™» -1 = 
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is not a periodic rotation (the non resonant case), and its coefficients are given 
by an explicit but already somewhat complicated recursive expression : 

n-l 

9n + g P h ii ■ ■ ■ h ip 

2 ji+—+j p =n 

These formulas are of little help in directly proving the most delicate analytic 
linearization results, already in the lowest dimension, let alone in dim ^ 2. 

As a remark, let us mention that the required calculations involving com- 
positions of diffeos are essentially of the same type when one is interested 
in classifications of geometric structures with singularities. Consequently, the 
algebraic formalism developped below can also be used for these problems, in 
cases where the complexity of the problem tends to make other techniques in- 
operant (e.g. singular Poisson structures displaying resonances, in a context of 
small denominators). 

Although we consider as examples the cases of non-resonant germs of vector 
fields or germs of diffcomorphisms, in any dimension at the origin of (D, all the 
algebraic structures, as well as Ecalle's constructions that come into play by 
following these basic situations as leading thread, arc of a universal nature, as 
notably the Hopf algebra of section 6. 

3 Algebraic structures on the group G of tan- 
gent to identity diffeomorphisms 

3.1 The Lie algebra g of formal vector fields. 

We consider now the group G of formal diffeomorphisms that are tangent to 
Identity: 

G = {(f : x i — > x + a 2 x 2 + . . . } 

It is well-known that the group G is the "Lie group" of the Lie algebra g of 
formal vector fields: 

9= \x = Y j X i {x)d Xi , Xi(x) e CWM] 
I i=l 

where ©^[M] denotes formal power series of total valuation greater than 1. 
Even if we deal with formal power series, the "geometric" interpretation goes 
as follows : for a given vector field A, consider the differential system : 

' pi (i) = X\ (yi (t), . .. , y v (t)) 
< : 

, y' v {t) = X v { Vl {t),...,y v {t)) 

with the initial conditions y(0) — (yi(0), . . . 7 y u (0)) — (x\, . . . ,x v ) — x. Even 
formally, the solution at time t is given by y(t) — ip l {x) where <p* e G and 



K = 



A" - A 
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p t o cp s = ip t+s . Namely, p l is the flow of the vector field X, whose exponential 
is simply exp(X) = ip 1 . 

This correspondance is bijective (X = log(<p)) as we shall see in the following 
section. Note that the computations are not so easy to handle but become 
clear, once diffcomorphisms are interpreted through their action on formal power 
series. 

3.2 The action of G and substitution automorphisms. 

From the definition of g it is easy to derive its action on a formal power series 
/ , by the chain-rule formula: (f(x{t)))' = {X.f){x{t)). If X = Xi{x)d Xi , 

V 

x.f = Y,Xi{x)d x j 

as a vector field is a differential operator. Moreover, it is a derivation on C[[x]] 
since 

X.(fg) = (X.f)g + f(X.g) 
Similarly the natural action of a diffeomorphism ip on a series / is given by 

(f<p)(x) = (e v .f)(x) = fop(x) 

This defines a right action of the group G on the algebra <D[[x]] and 8 V is the 
substitution automorphism associated to p : 

e v .e i ,..f = (/ < tp) < ip = e^ oip .f 
%-(fg) = (fg) <<p = U< <p)(g <<p) = (& v .f)(® v .g) 

Let us focus on such substitution automorphisms, since they arc one of the key 
ingredients to perform mould calculus. 

Proposition 1 Let G be the subset of linear endomorphisms 9, which are con- 
tinuous wrt the Krull topology o/(D[[x]] such that 

1. 6(x) = 9.x = p{x) e G. 

2. For any series f, g, Q(fg) = Q.(fg) = (Q.f)(Q.g) 

then G is a group (the group of substitution automorphisms) and the ("evalua- 
tion") map ev defined by 

ev (6) = 9.x e G 
is an anti-isomorphism of groups. 

Proof The proof is straightforward : consider a monomial 
Because of the second property, 

e.(x") = <p? . . . p n v » (e.x = p(x) = (^(x), . . . , p v { x )) 
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By linearity and continuity, 

e./ = /oev(6) 

and the proposition follows, noticing that eu(0i02) = tp\ o ip 2 (whence the 
anti-isomorphism property) . □ 

In the sequel we shall identify G with G when needed, taking advantage of 
the fact that such substitution automorphisms, as vector fields in g, can be seen 
as differential operators : 

Proposition 2 Let ip = x + u(x) E G, then 

ev" 1 (p) = O v = Id c[[x]] + TTT \< (x) ' • ■ W 8 ^. ■ ■ ■ d % 

Th\ .... Thy . 

Til + ... + W>u =S 1 

ni > 

This is simply the Taylor formula : 
Q v .f(x) = f(x + u(x)) 

= /(*) + E zrr — -^T^)---<"{x)d^...dZf{x) 

e -^ 1 n\\ . . .n v \ 

ni + ...+n, y ^l 

TLi ^ 

There is still some work to do to perform mould calculus, but one can already 
use this to define explicitely the exponential of a vector field. If X S g, then, 
for any real number t, the differential operator 



6* = cxpltX) = Id + V -X 



is a well-defined substitution automorphism and, if </?' = ev(-F'), it is the flow 
of the vector field X. Conversely, for a given diffeomorphism <p, if is its 
substitution automorphism then this is the flow at time t — 1 of the vector field 

x = iog(e) = io g (id+(e - id)) = V ( ~ 1)s - (6 - Id) s 

^- — ' a 



We leave the proof to the reader (see also [H]). 



3.3 Degrees and homogeneous components. 

Vector fields and diffcomorphisms are made of power series, namely series of 
monomials x n — x™ 1 . . . x™" of degree n — (m, . . . , n v ), but what is relevant for 
such objects in the context of normalization is not the degree, but the notion of 
homogeneous components related to their action on monomials. 
More precisely, a formal power series is given by 

f(x) = £ fnX" 

neN" 
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where n = {n\, . . . ,n„) £ is the degree of x n = x™ 1 ...x™" and \n\ = 
m + . . . + n v is its total degree. Such monomial are very well adapted to the 
product of power series: if f(x) = f n x n and g(x) = ^ g n x n , then their 

ngH" n6H" 

product /i(;r) = f(x)g(x) = ^ /i„a;™ is such that 

k+l=n 

but, for example, if one considers an elementary vector field X it1l = x n d Xi then 

-X-i.ji-X TfiiX 

where is the element of N 1 ' whose i th entry (resp. j th entry with j ^ i) is 1 
(resp. 0). Regarding its action on monomials such a vector field is "homoge- 
neous" of degree r\ = n — and this will be the right notion of degree for vector 
fields and diffcomorphisms. This suggests the following notation : for 1 ^ i ^ u, 
let 

H i = {rj = n-e i , n e N", \n\ > 2} 

then, for any 1 < i < v and r\ £ Hi, \r]\ > 1 and any vector field X in gr can be 
written 

V 

i = EE fyixidz, = E E 

1=1 i)E//i rieH i;r]elii 

where i? = i?i U . . . U H v . We will note 

B,= V^x i d Xi =Y i V n x , >Xid Xi 

assuming that the sum is restricted to the indices i such that r) S Hi. With this 
notation, X is decomposed in « homogeneous > components : 

* = E^ 

where, for any n £ and r) & H, M v .x n is a monomial of degree n + rj (resp. 
0) if n + i) £ N" (resp. n + r) is not in IN"). 

On the same way, a diffeomorphism ip = (ipi, . . . , <p„) is given by v series 



<p»(a;) = Xi j 1 + ^x 1 ' 

and if -ff is the additive semigroup generated by H, then its associated substi- 
tution automorphism can be decomposed in homogeneous components 

6 = Id + JD r; 
veH 
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where 



S! 

s^l 1 < ij, . . . ,i, ^ j/ 
rj = rji + . . . + 77 s 

■ik e ffi fc 



with hnite sums (for any given 77), thanks to the fact that \rjk\ ^ 1 (thus s ^ |7j|). 
This can be seen using the Taylor expansion of foip(x) and it gives a first flavour 
of mould calculus : 



- If F = cxp(X) with X = J2,,eH B ^ then 

e = Id + E E ^■■■^m 

- If X = ]og(<p) with e„ = Id + D„, then 

* = E E ^^-^ 

s^l Vl ,...,ri s €H 

These are in fact two examples of mould-comould expansions. We postpone 
now the definition and study of mould expansions that will be very useful to 
deal with linearization equations, namely when we conjugate a given dynamical 
system to its linear part. But such decompositions can also be used to get the 
Faa di Bruno formulas. 

Proposition 3 Let ip and ip in G and <p — <p ° ip, then for 1 ^ i < v, 

<k(x)=Xi f 1+ E ^ 
\ vex* 

with, for rj E Hi, 

s>2 i l= i 1 >' 

1 ^ 12, . . . , i s ^ v 
V = »7i + ■ • • + Vs 

where P^ +e \ are integers, independant of ip and ip. 
Proof Let ip and ip in G and <p = <p o ip. We can write 

e v = w + J2 ©r, 

veH 

9^ =Id+^E^ 

■neS 
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where 



d„ = E E 



s^l 1 ^ ti, . . . , i a ^ 1/ 
77 = rji + . . . + r) 3 



— m* 1 J<jtei 1 t...tei J fl » 



e, = E E i< • ■ .<^ + - +e "^ 11 • • 



s^l 1 < ii, . . . ,i s ^ v 
77 = 771 + . . . + r) 3 

Vk e Hi fc 



and 4>i(x) = Q<t,.Xi = Q^-Xi = 0^.& v .Xi. We get 

(-)„.<-). id • :) '/ 1 v * 



77GH 



E E ^ 

VGH 



v,veH 



Now, Id.Xi = Xi, D v -Xi = <fil l x r, Xi (resp. 0) if f] G i?i (resp. 77 ^ i/j) and 
E,,.Xi = Tp^x^Xi (resp. 0) if 77 G ifi (resp. 77 ^ so it remains to compute 
E^Djj.Xj. This is zero as soon a& r\ ^ Hi and otherwise : 

E Al .(^;.T"+ e o 



<^E M .^+ e * 



Where 



= ^ 



pV+e 



\ 



E E 

s^l 1 < ii, . . . ,» s 1/ 

/J = 771 + . . . + 7( s 

77 fc e H, fc 



l ^771 



^Vs 71 



77+ei 



X 



- r >- ei+ei i + - +ei °d Xii ...d Xie 



G N 



This gives the announced formula. 



□ 



We already have in this section the key ingredients to do mould calculus : 
with the help of these results, we will see that computing a conjugating map 
will amount to the computation of a character in a quite simple Hopf algebra 
(shuffle, quasishume or, after arborification-coarborification, in the Connes- 
Kreimer Hopf algebra). But this Hopf algebraic structure is already present 
when dealing directly with the coefficients of a diffcomorphism and gives rise to 
the Faa di Bruno Hopf algebra. 

3.4 From G to the Faa di Bruno Hopf algebra. 
3.4.1 A short reminder on Hopf algebras. 

In the sequel we will deal with graded connected Hopf algebras %. This means 
first that % is a graded vector space over (D 



n>0 
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where moreover Ho ~ <D. In order to get a graded Hopf algebra, % has to be a 
graded algebra with 



1. A unit i] :€ ^H 

2. A product ir : H <& U -> "H 

with the usual commutative diagrams that respectively express the unit and 
associativity properties (see [53]) and such that ir(H n H m ) Q Hn+m- It also 
has to be a coalgebra with 

1. A counit e : H -> <D 

2. A coproduct A : H ^ H ® W 

with the corresponding commutative diagrams for the counit and coassociativity 
properties respectively ([23J) and such that A(H n ) C ©o^fe^n^/c €5 'Hn-k- 

With the compatibility relations between the algebra structure and the coal- 
gebra structure, H becomes a bialgebra and the graded structure (with Hq « (D) 
ensures that this is a Hopf algebra: there exists an antipode, namely a linear 
map S : % — > % such that: 



Once such a Hopf algebra is given, it induces an algebra structure on £("H, <D). 
If u and v are two linear forms, their convolution product is given by 



where 7r<rj is the usual product on (D. Let us remember that among such mor- 
phisms, one can distinguish 

1. The characters (algebra morphisms) that form a group C(H) for the con- 
volution, with unit e and the inverse of a character \ is given by x ° 

2. The infinitesimal characters, that are the linear morphisms u vanishing 
on Hq and such that 



this set is a Lie algebra c('H) for the Lie bracket [u,v] = u * v — v * u. 

As for vector fields and diffeomorphisms C(H) behaves as the "Lie group" of the 
Lie algebra c{T-L) with the log and exp maps : 



7T o (id <g)S) o A 



7r o (S <E> id) o A = rj o e 



u * v — 7T© o (u ® v) o A 



U O 7T = 7T<D o (u® e + e ® u) 




(-1) 



\s-l 



logjx) 



E 
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It is in fact a proalgebraic group, namely an inverse limit of linear algebraic 
groups, and the exp and log are computed as graded operators at the level of 
the homogeneous components ([!])• 

We shall soon see that vector fields and diffeomorphisms can be identified 
to infinitesimal characters and characters on Hopf algebra, namely the Faa di 
Bruno Hopf algebra. But let us first give a concrete example of graded connected 
Hopf algebra related to power series. 

The coalgebra of coordinates of power series can be defined as follows, for 
n £ ¥S U , let us consider the functional : 

a n : <D[[x]] C 

f( x ) = EneN" Z" 1 " ^ a n(f) = fn 

The graded vector space C = (Bk^oCk, where Ck — Vect<c{a„, \n\ — k} is a 
graded cocommutative coalgebra for the coproduct induced by the product of 
series : 

Aa n = ^2 ak®ai (a n (f.g) = tt c o (Aa n )(f ® g)) 

h-\-l=n 

and the counit is given by e(«o) = 1 and e(a n ) = if |n| ^ 1. Thanks to this 
coalgebra structure, the space C(C, <D) is a convolution algebra which is trivially 
isomorphic to <D[[x]]. In order to define a Hopf algebra, let us consider the free 
commutative algebra generated by {a n , |n| ^ 1}. By adding a unit 1, extending 
the graduation and the previous coproduct to the product of functionals, one 
gets a Hopf algebra H whose group of characters can be clearly identified to the 
group of invertible series : 

G i„ v = J i + £ / n!B » /„ e C 1 

{ \n\>l ) 

The same idea will govern the contruction of the Faa di Bruno Hopf algebra of 
coordinates on the group G. 



3.4.2 The Faa di Bruno Hopf algebra. 

The group G is associated to a graded connected algebra. Let us first remind 
that 

G = {<p(x) = x + u(x),u£(<D >2 [[x}}y} 
where x — (x\, . . . , x u ) and u(x) = (ui(x), . . . , u v {x)) and we can note 

ip(x) = (y)f(x))i^t<i/ = \xj 1 + ip\x v 



l<i<L> 



A diffeomorphism in G is then given by its coefficients {</^, i £ {1, . . . , v}, r\ £ 
Hi} and for such (i,rj), this defines functionals on G 

C* : G -¥ € 

9 <p\ 
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Following the same ideas as for G mv , the Faa di Bruno algebra is the free 
commutative algebra generated by the the functionals C* : 

%FdB = ( C[(C^)je{l : ...^},j;eH i ] 

Identifying (D C "HFdB to (D.l, where 1 is the functional defined on G by l{ip)=X, 
it is clear that HfcJB acts on G, if P(. . . , C*, . . .) is a polynomial in %FdB, then 

p(...,c;,...)(¥') = p(...,^,...) 

If we define a graduation by gr(l) = and 

gr(Ct 1 \...Ci l > s ) = \ m \ + ...+ \ Vs \ 

then T^FdB is a graded connected commutative algebra. Now, using the Faa di 
Bruno formulas [31 it is not difficult to define a coproduct on this algebra by the 
relation : 

extended to (D[(C* jveirj- With this coproduct, "HFdB is a graded 
connected Hopf algebra. 

Now, any diffcomorphism tp can be identified to the character (also noted tp) 
on %FdB defined by tp{CVj = C*(tp) so that G is clearly isomorphic to C('HFdB) 
and, on the same way, the Lie algebra g is isomorphic to c(7^pdB) (taking 
into account the due order reversal in the formulas) . Note that the log — exp 
correspondance between G and g is exactly the log,,, — exp,, correspondance 
between C("HFdB) and c(7^pdB) and the action of g and G on (D[[x]] corresponds 
to the coaction $ : C —> C ® Hf<ib defined by 

"n(/ oip) =n c o $(a„)(/ (g> tp) 

which is such that C is a HpdB-comodule coalgebra (cf [12] ). 

This algebraic work on diffeomorphisms and vector fields may not seem to 
help at the present moment, but it will be useful in the sequel and one can 
already notice that linearization equations correspond to equations for characters 

On %FdB- 

3.5 Characters and conjugacy equations. 
3.5.1 Vector fields. 

Consider a vector field : 

X{x)=J2 X i(x)d Xi 

i=l 

such that 

Xi(x) = \xi + x t V" a^x* 1 = XiXi + Pi(x) (A* E C) 
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this vector field can be seen as a perturbation of it linear part X hn = XiXid Xi : 

X = X lin + P 

and one would like to know if, through some formal or analytic change of co- 
ordinates y = <p(x) (x = il>{y))i the vector field can be conjugated to its linear 
part : 

ip*(X)=X liD or ip*(X lin ) =X = X lin + P 
If this is the case, the latter equation reads, for 1 ^ i ^ v, 

X lin .^ = X t o^ = Ai^ 4 + P t o xl>(x) 

so 

X Vm .iPi - X^ = Pi o ^(x) 
On one hand, if ipi(x) = Xi(l + J2 v en ^i) 2 -' 7 ) > then 

X^.^-X^ = Xi ^(A,77)6;x r ' 

where, for rj = (ni, . . . , n„) S if, (A, 77) = Airii + . . . + X v n v . From the Hopf 
algebra point of view, let V the derivation on %FdB defined by VI = and 
VC* = (A, 77)C* , then, if \ is the character associated to tp, we have 

X lin .^-A^ = ^x°v(c;)x" 

On the other hand, If u is the infinitesimal character on "HFdB defined by 
u(l) = and u(CV) = a* , then the conjugacy equation reads 

\fi,rj, XoV(C^) = (u*x)(Cj) 

and, thanks to the fact that V is a derivation and u infinitesimal, the conjugacy 
equation reads, on H.Y<m, 

X o V = u * x 

Of course, <p is given by the inverse x S of x m C(%FdB, C). 

In other words, one can associate to a vector field X = X hn + P an infinites- 
imal character u, and this vector field is formally conjugated to X hn if and only 
if there exists a character x such that the above equation holds. Moreover we 
have the very classical (pQ) result: 

Proposition 4 //, for all ij £ H, (A, rj) ^ , X is formally conjugated to X hn . 

Proof The proof we give is recursive on the graduation of T-L^dB- let x — 
^2 n<0 Xn , where Xn is the restriction to the n th component of %FdB- Note 
that, necessarily, xo — £■ Let us suppose that, for a given n ^ 0, xo, • • ■ , Xn are 



16 



well-defined and that for any monomial C*\ . . . such that gr(C* 1 1 . . . ) = 
+ . . . + |»? s | = k s^n, 

X (Q . . . ci ) = Xk (c£ . . . CI ) = X (Q ) . . . x(CZ ) = XI,, | (C£ ) . . . | (c£ ) 

Thanks to the definition of u, if C* is in %FdB,n+i = n + 1)> then the 
equation reads 

<A,»y)x(Cj) - 7to( u ® x )(A(C*)) 
= «(Cj) + 

E E ^K)x(c*)...x(c*:) 

s>2 i x = i 

1 < »2, . . . ,t 8 ^ f 

rj = 771 + . . . + 77s 

Since the rhs of this equation is recursively well-defined and (A, rj) is nonzero, 
x(C* ) is uniquely determined. Now, if C** . . . C^ s s is in "HFdB.n+i with s ^ 2, 
then, in order to get a character, one must have 

X (c l n \...ci) = x{ci 1 \)... x (ci). 

But, for 1 < i < s, \r)i\ < n and one can check that 

«*x(c*i...c*-) = X)(llx(cj;))(«*x)(c*:) 

t=l \r#t / 

= E (n^;)) ( A ^*)x(Q) 

t=l \r#t / 

= <A,» h + ... + »7 t >x(C£...C£) 

Thus, the equation determines a unique character on 'HFdB- Note, however, 
that we don't obtain in this algebra anything near a closed-form solution. □ 

This is the non-resonant case. Note that in the above character equation, 
one only needs to be able to compute the values x(C^) an d assume that this is a 
character. Moreover, in 'HFdB, if we have geometric estimates on the coefficients 
X(C*) then it is immediate to conclude on the analyticity of the associated 
diffeomorphism. But, in this setting the difficulty lies in the explicit computation 
of these coefficients, since the equation x°V = u*x involves the rather complex 
coproduct of %FdB- As we are going to see next, the same work can be done 
for diffeomorphisms, with the same difficulty in the computation. 

3.5.2 Diffeomorphisms. 

LeU = (h,...,Q G (€*)" and/ lin defined by / lin (xi, x v ) = {hx u . . . , l v x v ). 
For a given analytic diffeomorphism / in Diff , the diffeomorphism / o / can 
be seen as a perturbation of / lln and one could ask if, at least formally, this map 
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is conjugate to / lm . In other words, does there exist a diffeomorphism if 6 Diff 
such that 

or 

/ o ip = / Un_1 o tp o 

Now if £ (resp. x) is tne character associated to / (resp. y>) then the equation 
reads 

where <r(l) = 1 and <r(C^ . ..C*=) = i'7i+-+'J". Once again, it is well-known 
that if the diffeomorphism / lm o / is non-resonant, i.e. 

Vry e H, i" - 1 56 

then there exist a unique solution \ ( or </')• Of course, the proof follows the 
same lines as for vector fields. 

In both cases, modulo a condition on the linear part, the conjugacy equation 
is solvable and can be seen as an equation on characters of Here again, 

it is in principle easy to obtain the analyticity of a diffeomorphism, with the 
help of the values of the character, provided that one can easily compute this 
character. But, because of the complexity of the convolution (coproduct in 
%FdB)) this computation is rather difficult. 

The idea of mould calculus amounts to working in much simpler Hopf alge- 
bras, whose coproduct is a deconcatenation coproduct. Then the price to pay 
is that: 

1. One has to make some supplementary condition on the linear part, in order 
that all the coefficients are well defined, namely, 

Vry eH, (A, 77} ^ or P - 1 ^ 

2. Analyticity becomes hidden. 

We shall see below how arborification cures both plagues. 

4 Mould calculus : a solution to the algebraic 
complexity of calculations 

One of the most fundamental ideas of mould calculus is to consider diffeo- 
morphisms of G as series of "homogeneous" differential operators. Focusing on 
linearization problems, one starts either with 

1. one vector fields X = X lnl + P where P, that belong to g, can be decomposed 
in homogeneous components : 



18 



2. one diffcomorphism / lm o / with / in G, whose substitution automorphism 
can be written : 

and one has to find a linearization diffcomorphism ip whose substitution auto- 
morphism can also decomposed in homogeneous components 

it is then natural to try a priori to express the components W v as (non com- 
mutative) polynomials in the original components delivered by the datas of the 
problem. For example, in the case of vector fields : 

<">,, X E A^ 1 --"'B )J ....B, 1 

vi + ■ ■ ■ + Vs = n 

Vi e h 

In such an expression, convenient properties of symmetry for the coefficients M 
will ensure that V is a substitution automorphism. Doing so, we have already 
roughly defined what mould calculus is. Let us focus now on the Hopf algebras 
underlying this calculus. 

4.1 Moulds and the concatenation algebra. 

In both types of conjugacy equations, one has to compute an element of G, 
or, equivalently, a substitution automorphism that can be decomposed in ho- 
mogeneous components. But in both case the initial object already delivers 
homogeneous components. It seems then reasonable to use them and their com- 
position to compute the conjugating substitution automorphism. This suggests 
to look at the following concatenation algebra : consider H or H as a graded 
alphabet. Let be the empty word. A word will be noted 

V = (Vi,---,Vs) 

The graduation can be extended to such words (with |0| =0) and one can also 
define the length of a word 

l(r 1 ) = l((r 11 ,...,r ls )) = s (1(9) = 0) 

and its weight 

\\r 1 \\= m + ... + r ls eH (||0||= 0) 

Definition 1 Let H be the set of such words (starting with H or H), then the 
linear span of H, noted Concur, is a graded unital algebra for the concatenation 
product : 

Vrj\r] 2 eH, tt^ 1 <g>?7 2 ) = rj 1 ^ 2 
where r] = r] 1 ^ 2 is the usual concatenation of the words rj 1 and r] 2 . 
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Thanks to the graduation, the graded dual of Concur is a graded coalgebra 
Conc^ whose coproduct is given, on the dual basis (identified to if) by 

A(t/)= V^V 2 

T7 1 ?7 2 — 77 

and the vector space £(Conc° H , (D) is an algebra for the convolution product : 

Vit, v G £(Conc^, (D), u * v = 7t<d o (m ® v) o A 
In fact, we just defined here the algebra of moulds : 

Definition 2 A mould on H (or H) with values in <C is a collection M' = 
{M* 7 , rj e if} of complex numbers. 

It is clear that moulds are in one-to-one correspondance with elements of 
£(Conc^-, (D) : since if is a basis of Conc^, a mould represents the values of 
an element of £(Conc^, (D) on the basis if : M* = %(•) = {M v = x(rj), 77 e 
if}. 

The set of moulds inherits the structure of algebra and for the product, if 
M* and N* are two moulds, their product P* — M* x N* is given by 

that corresponds to the convolution of the associated morphisms of £(Conc^, (D) 

4.2 The underlying Hopf algebras. 

4.2.1 Vector fields and associated shuffle Hopf algebra. 

As we have seen before, a vector field 

X(x) = J2x i (x)d Xi 

i=l 

such that 

Xi(x) = \x t + Xi ^ a i n x r > = XiXi + Pi(x) (Xi E (D) 

>)6H 

can be decomposed in homogeneous components 

X = X lin + Y J B v 

with 

IB,, = ^ a\x q Xid x% 
i=i 
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Following Ecalle's convention for the composition of operators, with the help of 
these components, one can associate to any word in H a differential operator 
in (C[x, d x ] acting on <D[[x]] by IB© = Idc^]] and 

Vf| = ...,%) e H/{<b}, B n = B Vs . . . B m 

The family IB. = {B,,, r\ G H} is called a comould and, from a more algebraic 
point of view, we have the following : 

Proposition 5 The map 

p : Conc ff — > <C[x,d x ] 
■q ^ Br, 

defines an antialgebra morphism ( considering the usual composition of differen- 
tial operators) 

Note also that the action of <D[x, d x ] on a product in (D[[x]] defines a coprod- 
uct A : <C[x, d x ) -> <D[x, d x ] <8> <D[x, d x ] defined by 

Vu,v € <C[[x}}, VD 6 <C[x, d x ], D.(uv)=tt <c[[x]] oA(D).(u®v) 

and, as we deal here with vector fields, 

Vry e H, A(B„) = Id c[[x]] ®B n + B v (g> Id c[[x]] 

This can be extended to the comould and, using 

1. The morphism p, 

2. The operators L\ on H, defined by 

Ll(( m ,...,r ls )) = ( V , m ,..., Vs ) (L\(%) = {n)) 

and extended by linearity to Concn 
we get 

Theorem 1 With the coproduct defined on the basis H of Concn by A(0) = 
(g> and 

VryeH, VrjeH, A(L v + (r])) = (Id ®L\ + L\ ® Id) o A(t/) 

the algebra Concn becomes a graded, cocommutative bialgebra, and thus a Hopf 
algebra whose antipode is given by 

Vt] g H, S{q) = rcv(r]) 

where rev(0) = and rev((r]i, . . . , r) s )) = (r/ s , . . . , 771) otherwise. Moreover the 
morphism p turns to be a coalgebra morphism and, in this case, the comould B. 
is said to be cosymmetral. . 
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The proof is straightforward. 

Going back to the given vector field X and the conjugating equation ip*(X) = 
X hn becomes, in terms of substitution automorphism, 



x.e v = e^.x 1 '" 1 

And, since the vector field delivers a family (comould) of differential operators, 
it seems reasonable to look for a substitution automorphism F v that can be 
written as a mould expansion 

r,EH 

where M* — {M v , r\ e H} is precisely a mould, with the relevant conditions 
(symmetrality) that ensure that G v is a substitution automorphism. More 
precisely, since ConcH is a graded cocommutative Hopf algebra, its graded dual 
is a graded commutative Hopf algebra, noted Sh# (for shuffle Hopf algebra 
on H) whose product (resp. coproduct) is given by the usual shuffle product 
(resp. deconcatenation coproduct). But if we consider the group of characters 
C(Sh H ,(D) then 

Theorem 2 The map 

S p : C(Sh H ,C) -)• G 

x ^ ev (r, veH x{n)p{n)) 

defines a morphism of groups and 8 X = X^eff x( J 7)/°( T ?) * s the substitution 
automorphism associated to S p (x)- 

Note that moulds corresponding to such characters are called symmetral 
moulds. 
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Proof Thanks to graduation and homogeneity, it is clear that this defines a 
diffcomorphism of Diff . If % is a character, then for two power series u and v, 

<d x -{uv) = X(v)p(v)-(uv) 

x(v)n<E[[x] ° (A(p(»7))-(u ® v) 

*<c[[x] ° (p ® p) 51 x(v)Mv) -(«® «) 

= 7T<D[[x]° (p®p) 51 x(J7)(A(j 7 ),r 7 1 ®r 7 2 )(r ? 1 ®r 7 2 ) 

= TC[[x] ° (P ® P) XW^TTShH^ 1 ®^ 2 ))^ 1 ®^ 2 ) .(U®«) 

i"c[[x] ° (P ® p) 5Z X^shn^ 1 ®^? 2 ))(^ 1 ®»7 2 ) 

V V^ew / / 

tc[[i] ° (p ® p) J] (xiv'W) ® (x(-n 2 W) \\.{u®v) 
V Vy.^eH / / 

(e x .M)(e x w) 

thus X is a substitution automorphism. Moreover, if \ X and X 2 are t w0 char- 
acters, then 

ex 1 ** 2 = e^.e* 1 = e Sp(x2) . 0s , p(xl) = e Sp(x i)cs p ( X 2 ) 

thus 

^p(x 1 *x 2 ) = ^p(x 1 )°^(x 2 ) 

□ 

Note that S p (C(Shn, <D)) maybe only be a subgroup of G but, in lineariza- 
tion equations, it is reasonable to look for the change of coordinate in this 
subgroup. Suppose that ip*(X) = X lin (X.O v = <d v .X Ym ) where ip = S p (x)- If 
u is the infinitesimal character on Shu defined by 



u(rj) = 

then, 



1 if l(n) = 1 
if l( V )^l 



x = x lin + ]T <v)p(v) 

r,eH 

and 

x.% = x Vin .e v +J2x* u( v ) P ( v ) = e v .x lin 
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Since 

[X lin ,B r; ] = (A, »j)B^ 

we have 

x Iin .e v - e v .x lin = ]T (Vx)(»i)p(»i) 

where 

(Vx)(t,) = (A,||t,||)x(*7) 
so that the conjugacy equation can be turned into a character equation 

Vx + X * u = 

For the inverse character £, corresponding to the inverse of the diffeomorphism, 
we get, 

V£ = u * £ 



Proposition 6 Under the assumption that for any n in H, (A, n) ^ 0, the above 
equation determines a unique symmetral mould (character) whose values are 



(A, 771 + ... + r? s )(A, 7? 2 + • • • + Vs) ■ ■ • (A, T) 3 ) 
and its inverse is given by 

(-1)' 



(X,ni)(X,r]i +rj 2 ) ... (A, ?7i + .. . + t? 5 ) 



The proof is straightforward. For example, £(0) = 1 and, for n a H and 
77 G if, the equation reads 

(A, v + WvWWKn)) = (u * OiLKr,))) = u( v )z( v ) = e(n) 

One can check that this is a character (symetral mould) and \ can be either 
computed directly or as the inverse of the character £. In the latter case, since 
£ is a character, 

x = r _1 =£°s 

where the antipode 5 in Sh# is given by 

S(Th,...,%) = (-l) s (77 s ,...,77i) 
Now the same can be done for the linearization of diffcomorphisms. 
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4.2.2 Diffeomorphisms and the associated quasishuffle Hopf algebra. 

Once again, let I = (l u ...,l u ) £ (<D*) V and / lin denned by f m { Xl , . . . ,x u ) = 
{l\X\, . . . , l v x v ). For a given analytic diffeomorphism / in Diff , the diffcomor- 
phism f m o f can be seen as a perturbation of f hn and one could ask if, at 
least formally, this map is conjugated to / . In other words, does there exist 
a diffeomorphism ip £ G or tp € G ana such that 

/ lin 0/0^ = ^0 

If we define on ©[[2;]] the operator F hn by F hn .u = u o / lm , then the equation 
becomes 

F v .Ff.F Un = F Un .F v 

As for vector fields, the substitution automorphims Ff is a series of homogeneous 
differential operators : 

Ff = Id c[ [ x ]] + J2 D »J 

and, as in the previous section, the map 

p : Concjj -> <D[x, 

7j = (771, — , 77a) i-> Bt, = D ns . . . H Vl 

defines an anti algebra morphism (with p(0) = = Idj3rra.11). Now the main 
difference with vector fields is that the definition of p is based on homogeneous 
components of a substitution automorphism, for which we have : 

V-qeH, A(B„) = ld €[M ®B„ + B ni ® B n2 + B n ® Id c[[x]] 

»;i+i?2=»; 

But if we define A(0) = ® and, for 77 G ff, 

A((ry)) = ® (77) + ^ (771) ® (772) + (77) ® 

'')l+>)2=»? 

then, extending this coproduct to Conc/j, we get 

Theorem 3 With this coproduct, the algebra Conc^ is a graded, cocommutative 
bialgebra, and thus a Hopf algebra. Moreover the morphism p is a coalgebra 
morphism. 

The proof is quite trivial since this Hopf algebra is the graded dual of a 
classical quasishuffle Hopf algebra noted QSh/j (for quasishuffle Hopf algebra on 
H, see [20]) whose product (resp. coproduct) is given by the usual quasishuffle 
product (resp. deconcatenation coproduct). And, once again, 

Theorem 4 The map 

S p : C(QSh 5 ,(D) -> G 

X ^ ev (j2 v eH xiv)p{v)) 
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defines a morphism of groups and F x = X^eu x( r 7)/°( T ?) * s ^ e substitution 
automorphism associated to S p (x)- 

The proof is the same as above. Once again a mould M* = {M v , r\ 6 H} 
defines a linear map from QSh^ to (D and this mould is 

• Symmetrel if the associated morphism is in C(QShjj, (D), 

• alternel if the associated morphism is in c(QShjj, (D). 
Going back to the linearization equation 

e^.e / .e lin = e lin .e v 

with 

©/ = Id <D[[s]] + ^ 

1. / = S p (£) where £ is the character defined by £(0) = 1 and, for s ^ 1, 



1 if s = 1 
if s>2 



2. If there exists a character \ such that 

X oa = ^ X (<J(V) = 1 M V) (2) 

then (p = Sp(x) is a solution to the linearization equation. Finally, we have the 
following: 

Proposition 7 Under the assumption that for any r\ in H , l v ^ 1, the above 
equation determines a unique symmetral mould ( character) whose values are 

xO?i, •••,%) 



(lm+-+fi. - l)(lm+-+vs - l) . . . {lv, - l) 
and its inverse is given by 

(-iy 



x* (m,---,Vs) = 



{l>n - 1) . . . (lm+-+v.-i - i)(ivi+-+v. - l) 



These have been known for a long time, using mould calculus (see [5]). As 
for vector fields, we have x(0) = 1 and, for rj 6 H and 77 6 H, the equation for 
the linearization character reads: 

1" 1+M X(LI(V)) = « * X)(LI(V))) = ZblMv) + X(LI(V)) = x(v) + X^W) 

One can check that this is a character (Symmetrel mould) and x* can be either 
computed directly or as the inverse of the character X - In the latter case, since 
X is a character, 

X* = X S 



2G 



and the antipode in QShjj is also given by 

s(„ 1 ,...,„ a ) = (-i)- y, (Wvm.-.Aiv'w) 

v=(v 1 ---v t ) 

(the sum involves all the decompositions of the sequence rj by concatenation 
of non-empty subsequences rf). 

4.3 Analyticity and the need for some intermediate Hopf 
algebras. 

To sum up the previous sections, under some algebraic condition on A or i, one 
can perform the linearization with the help of a formal diffcomorphism, whose 
substitution automorphism is given by a character \ '■ 

e v = Y x(v)p(v) 

Under some classical diophantine condition, we shall prove below that such 
characters have a geometric growth, meaning that an estimate of the following 
type is satisfied (C being a constant): 

\x{n)\<c*u> 

so that one could hope that the associated diffeomorphism will be analytic. 
However, this kind of estimates are not sufficient. The reason is the following : 
if 

<Pi(x) = 1 + ^ a\x 

then 

x l a\x q = Y X(v)p(v)- X r 

\\v\\=r, 

and the coefficient in p(rj).Xi tends to grow factorially with the length of r], an 
inevitable feature if we try to bound by brute force the size of the composition 
of r ordinary differential operators : some r! factors appear. For example, in 
dimension f, 

(t 2 d t ) r .t = (r - l)\t r+1 

But, on the other hand, this does not mean that the diffeomorphism is divergent : 
many terms contribute to a same power of x and some compensations may arise. 
Indeed this is the case and, surprisingly, this compensation phenomenon can be 
taken into account, using the so-called arborification-coarborification process 
which, algebraically, relies on the use of the Connes-Kreimer Hopf algebra, as 
we shall see next. 

In fact, the situation can profitably be described as such: 
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- Direct calculations at the level of diffeomorphisms immediately translate 
into recursive relations in the FdB Hopf algebra, which are difficult to solve 
because the coproduct in FdB is a complicated one, a complexity that mirrors 
the FdB formula for the computation of the n th coefficient of the composition 
of 2 formal series. 

- Mould-comould expansions, on the contrary, lead to simple equations for 
moulds (be that in the symmetral or the Symmetrel case) ; this simplicity is itself 
an image of the simplicity of the coproducts of the shuffle or quasishuffle Hopf 
algebras. These equations yield in fact closed-form expressions for the sought 
moulds, which are surprisingly explicit.Yet, when one wants to go beyond the 
formal level, to eventually get analytic transformations, these expressions are 
too coarse: although its is usually relatively easy to prove geometric growth 
estimates based on the explicit mould formulas, the inevitable factorial growth 
that composing differential operators brings along, is an obstacle to convergence. 

There is thus a need for some intermediate Hopf algebra for which the 
calculations are still tractable, yet efficient enough to yield analytic functions 
when needed. This is exactlty what arborification-coarborification does and, in 
terms of Hopf algebras, the decorated Connes-Kreimer algebra will then rather 
naturally enter the stage. 

5 Arborification— Coarborification. 
5.1 Hopf algebras of trees. 

We use here the results and notations developped in [7], [2] and [T^- A (non- 
planar) rooted tree T is a connected and simply connected set of oriented edges 
and vertices such that there is precisely one distinguished vertex (the root) with 
no incoming edge. An alternative definition can be given in terms of posets 
containing a smallest element, and for which each element has at most one 
predecessor. A forest F is a monomial in rooted trees. Let 1(F) be the number 
of vertices in F. Using the set H we can decorate a forest, that is to say that, to 
each vertex v of F, we associate an element h(v) of H. We note Th (resp. Th) 
the set of decorated trees (resp. forests) that contains the empty tree noted 0. In 
fact there is a natural equivalence relation for trees, two trees being equivalent 
iff there is an automorphism of decorated posets that sends one to the other. 
It is rather the set of equivalent classes of trees that is denoted by Tjt, using a 
traditional abuse of language. As for sequences, if a forest F is decorated by 
r/i, . . . ,i] s {1(F) = s), we note 

= Vi + ■ ■ ■ + Vs e H, gr(F) = gT( m ) + ... gr(r) a ) 

For example, if 

m 
I 

T= W 



then l(T) = 4 and ||T|| = 771 + r ]2 + m + 

Let us also recall that, for 77 in H, the operator B+ associates to a forest of 
decorated trees the tree with root decorated by rj connected to the roots of the 
forest : _B+(0) is the tree with one vertex decorated by rj and for example : 

Vi 
I 

m m V3Ve 

1 \ / 1 

B+( \ I I ) = \ / 

The linear span CK# of Th is a graded commutative algebra for the product 

tt(F 1 <E> F 2 ) = F 1 F 2 

and the unit 0. Moreover, with the coproduct A given by induction by A(0) = 
® 0, A(Ti . . . Tk) = A(Ti) . . . A(Tfe) and 

A{B+(F)) = B+(F)®(b + {ld®B+)oA(F) 

CKh is the Connes-Kreimer Hopf algebra of trees decorated by H . 

There exists a combinatorial description of this coproduct (see Q3]). For a 
given tree T 6 Th, an admissible cut c is a subset of its vertices such that, on 
the path from the root to an element of c, no other vertex of c is encountered. 
For such an admissible cut, P C (T) is the product of the subtrees of T whose 
roots are in c and R C (T) is the remaining tree, once these subtrees have been 
removed. With these definitions, for any tree T, we have 



A(T)= P C {T)®R C {T) 



c adm . 

For example, 



m m 
a( \ / 

V rji 



m m 
\ / 
m 



V3 (8) 



m 



>I2 



m V3 



V3 

I 



Once again we can consider the convolution algebra £(CK#,(D) and any 
morphism u of this algebra is given by its values on the basis Th ■ The definitions 
of arborescent moulds can then be rephrased : 

Definition 3 An arborescent mould M ,< on H with values in (D is a collection 
of complex numbers{M F E (D, F G Th}- 
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Such arborescent moulds are in one to one correspondance with the elements 
of £(CKjy, (D) and the product of such moulds corresponds to the convolution 
of the associated linear morphism. 

Note that 

1. a character on CK# defines a separative mould M m< , i.e. 

M Ti...T B = M T X _ _ _ M T S ( and M = 1 ) 

2. an infinitesimal character on CK# defines a antiseparative mould M %< , i.e. 
for s ^ 2, 

M Ti...T, =Q ( ail d M 9 = ) 

Since the coproduct is not as trivial as before, the convolution and inversion 
of characters are not so easy to handle. Nonetheless, we get partial but useful 
formulas for "root" characters, namely characters vanishing on forests T\ . . . T s 
such that at least one of the trees Tj as more than one vertex. For such a 
character \-> we have that 

Vue£(CK H ,€), VT = Bl(F)eT H , (« * x)(T) = u(T) + u(F) X (» n ) 

and one can deduce that for any tree T decorated by rj\, . . . , rj s (l(T) = s) 

x*"(T) = (-i)^x(. 7)1 )---xKJ 

The graded dual of CKh will play a crucial role in the sequel and is strongly 
related to the Grossman-Larson Hopf algebra GL# (see [IB], [H], [10] and [3"3"]V 
The algebra GL# is the linear span of rooted trees whose vertices (except the 
root) are decorated by H (see [15]) : using to note the absence of decoration, 
any such tree can be written B+(F) where F is in Tr- 

For F = Tx . . ,Tk S Fh, Tq E B+{Fh)i then for any sequence s = (sx, . . . Sfe) 
of vertices of To (with possible repetitions), (Ti, . . . ,Tk)o s To is the tree of Bq (F) 
obtained by identifying the root of Ti with the vertex Sj. The product 7r in GLh 
is then defined by 

B° + (Ta . . . T k ).T = 53(T X , . . . , T fe ) o a T 

S 

and the unit is (0). The coproduct is given by 

A(S +(T 1 ...T fe ))= S +(T / )®i?+(T {l! ... fc} _ 7 

JC{l,...,fe} 

Where / is any subset of {1, ... , k} and Tj = \~\iei ^i- 

For a forest F in J 7 // we remind that the symmetry factor of F is defined 
by: 

l. s(( v )) = i ; 
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2. s(B+(F)) = s(F) ; 

3. s(T^ . . . T£ k ) = s(Ti) ai . . . s(T fc )°*ai! . . . a k \ if T ly ..,T k are rfzstinct rooted 
trees. 

This factor s(F) is the cardinal of the group of automorphisms of the decorated 
poset F. 

We have the following result, which is by now a classical one, and for which 
various proofs are available ([15], [22], [20], [33]). 

Lemma 1 The map <f> from GL# to CK° H defined by 4>(B + (F)) — sfF defines 
an isomorphism of graded Hopf algebras between GL# and GK° H . 

5.2 Homogeneous coarborification. 

In each case (Vector Fields or Diffeomorphisms) , the initial object defines a 
morphism p from Sh^ or Qsh^ to <C[x, d x ] which is a coalgebra morphism 
and an algebra antimorphism that allows to compute some diffeomorphisms as 
characters on Sh H or Qsh ff . We will essentially follow the same lines but with a 
morphism p < from CK^ to <D[x, d x ]. Starting with this map p, one can define, 
using Ecalle's homogeneous coarborification the following linear morphism : 

Definition 4 The linear morphism p K from CK^ to <C\x,d x ] is defined on its 
linear basis by the following rules 

1. p<(0) = ld, 

2. If T = B+(F) is a non empty tree, then 

p<(T)=J2(P < (F)Mv)^))d Xl 
i=i 

3. IfF = T 1 ...T s with s^2, then 

P < (F) = 1 , 1 , , E (p < (T l ).x ll )...(p<(T s ).x ls )d Xti ...d Xs 
u\. . . . U,k • , ^ ■ ■ , 

where F = T\ . . .T s is the product of k distinct decorated trees, with multi- 
plicities d%, . . . , dk (d\ + . . . + dk = s). 

From this recursive definition, one already see that the differential operator 
p < (F) is of order r(F) (number of roots) and of homogeneity \\F\\. Thanks to 
the order of p < (F) , this morphism is a coalgebra morphism and we have in fact 
the following: 

Theorem 5 p < is a Hopf morphism. 

Proof The proof is based on the following result of Grossman and Larson (see 
[53] . [54]): Let r the map from GL# to (D[x, 9a;] defined by 
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1. r(B°(0))=Id, 

2. If T = B%(t) where t = B^iti ... t s ) is a tree of J^, then 

T(T) = J2(T(B+(t 1 ...t s )).(p(v)-Xi))d Xi 

i=l 

3. If T = B° + {t 1 ...t s ) (s > 2), then 

T(B + (h...t s )) = (r(B+(h)).x il )...(T(B + (t s )).x i Jd Xii ...d Xis 

l^zi ,...,i s ^.it 

Then r is a Hopf morphism. One can convince oneself with the following exam- 
ple where : 

I I 

Ti = I T 2 = W tt(Ti ® T 2 ) = \ I / + \ / + \ / 
" 

We have : 

t(Ti) = ^2(p(r)i).x il )d Xil , t{T 2 )= ^2 (p(V2)-x i2 )(p(V3)-Xi 3 )d Xi2 d Xi3 

»1=1 i2,«3 = l 

and, using Leibniz rule, 
t(Tx).t(T 2 ) = t ^(p^i)-^)^] • I {p(V2).x i2 )(p(m)-x i3 )d Xi2 d Xi3 

\il = l / \i2 5 23 = l 

X! (pM-Xi^ipi^-Xi^ipim)-^) 9 **! 9 *^^ 

1 il, 82,83 = 1 

f X] ((^( ? 7i)- a; ii)( 9 x il (p('72)-a;i 2 ))) (p(m)-x i3 )d Xi2 d Xi3 

ii,i2,i3=l 

- X! iP(V2)-x i2 ) ((p(m)-XiJ(d Xii (p(r] 3 ).x i3 ))) d Xi2 d Xia 

I I 
?7l??2?73 % ?72 »72 % 

\l/ ) +r ( \ / ) +r ( \ / 

o / V o / V o 

But, thanks to the recursive definition of p < , r and <f>, we have p < — t o <\r x 
and , since both r and </> -1 (see [14l[T5]) are Hopf morphisms, so is p < . □ 
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Note that the construction of r was given by Grossman and Larson only for 
the case of a family of derivations, which would exactly correspond here to the 
homogeneous components IB,, of a vector field. In the case of the homogeneous 
components ~D n of a diffeomorphism, this corresponds to the construction of 
Grossman and Larson /or the vector fields : 

V 

i = l 

This means that the construction of the morphism p < only depends on the 
operators 

p < (» r] ) — y~^ y (p(y)-Xj)d Xi (here, the bullet designates a one vertex tree) 

i=l 

but the origin of p (Vector field or diffeomorphism) reappears in the relations 
between p and p < : 

— In the shuffle case (Vector fields), we have, for 771 £ H, 

p((r ll ))=B m =p<(^) 



In the Quasishuffie case (Diffeomorphisms), if / G G is given by 
Mx)= Xi ll + J2^ V 

V r,6H 



then 



©/ = Id c[[*]] + E E 7\ a m ■■■a i n « s x ril+ - +r i°x il ...x ia! d XH 



si 

»>! (m, ■ ■ ■ ,n») eh 1 

1 ^ ii , . . . , i s ^ v 



and 

pM)= E E \^\...^x^ + ---^ Xil ...x ix d Xii ... 

(771, . . . , rj s ) £ H s 
»7l + . . . + r] s =7) 



but for r) £ H, one easily sees that 

= E p < (-" i ...-' )s ) 

F = ."1 . . . ■ 

||F|| = 77 

»), e h 



As in section |31 we have 
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Theorem 6 the map 

S p < : C{CK H ,€) -> G 

X -> cv(£ F x(F)p<(F)) 

defines an antimorphism of groups and X — ^2 F x(F)p < {F) is the substitution 
automorphism associated to S p (x)- 

This is a presentation of Ecalle's arborification/coarborification apparatus, 
within a framework of Hopf algebras. 

As we will see below, these series have many advantages in linearization 
problems : 

— Modulo a restriction to a subalgebra of CK# (and of its graded dual), 
strong assumptions on the spectrum will become unnecessary. 

— There is a very simple criterion on characters x m C(CK#, C) that ensures 
the analyticity of S p < (x) ■ 

Moreover, the previous computations of characters on Sh H or Qsh ff were not 
useless : in many cases their computation is easier, thanks to the simplicity of 
the convolution product, and for example, once such a character x on Sh H or 
Qsh ff is given in closed-form expression, one can easily derive a closed-form 
form expression for the character x < on CKjj such that 

S p <(x < ) = S p ( X ) 

5.3 Arborification. 

For the deconcatenation product, we have 

L\{rj) = nrj 

Then 

A o L'l = 1 ® L\ + (L\ ® Id) o A 
we thus have the cocycle property, and then, the morphism a such that 

a o B r \_ = V\_ o a 

is a coalgebra antimorphism ([14J. 

It is the fact that CK# is an initial object in a category of cogebras, for a 
certain cohomology (dual to Hochschild cohomology of algebras) that ensures 
the existence of the morphism a, which is a morphism of Hopf algebras. We 
shall not expand on this (as shown by Foissy, the cohomology groups vanish in 
degree ^2), yet it is satisfactory to have such a simple algebraic characteriza- 
tion of arborification through a universal property of Connes-Kreimer's algebra, 
which is an important object in its own right. 
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We shall now see how to recover the same diffeo using a : going back to 
our conjugacy equations, the change of coordinates, in both cases, is given by a 
substitution automorphism 

6 = $>(r7)p(7,) 
v 

and to any such character x we have associated an arborified character x < — 
X ° a. We should try to use this new character on CK# to rearrange the above 
series and finally get some analyticity properties. To do so, let us use the new 
Hopf algebra morphism p < from CK^ to (D[a;,<9 x ]: 

V F 

But then 

Y d X < {F)p<{F) = Y,xHF)) P <(F) 

F F 

Y,x(v)(v,a(F))p<(F) 
n,F 

= J2^)J2^a(F))p<(F) 
= Y,x(ri)^°(v),F}p<(F) 

T) F 

Y J X{ri)p < {a°{T 1 )) 

so it appears indeed highly desirable to have such morphisms as p < that fulfills 
the relation 

< o 

p o a = p 

The choice of p < is not unique but the map defined in section 5.2 works and it 
is that particular choice which has been called [9] the natural (or homogeneous) 
coarborification and which is adapted to the analytic study of F . 



p<(F) 



Theorem 7 We have 



< o 

p o a = p 



Proof p and a° are coalgebra morphisms and anti algebra morphisms and p < 
is a Hopf morphism, so p < o a° and p are coalgebra morphisms and anti algebra 
morphisms. 

In the shuffle case (Vector fields) , since Sh^ is freely generated by the words 
of length 1, it is sufficient to check that both morphisms coincides on these 
words. But a°((r]i)) — thus 

p((T h ))=B r , 1 =p<(.^)= P <oa°(( m )) 
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The same proof holds in the quasishuffie case : if / £ G is given by 

fi(x) =Xill + ^2 a\x 

then 

e / = id c[[x]] +^ Y. 

s>\ (in,...,i| s ) e h s 

1 i\ , . . . , is ^ v 

and 

pM) E E 

(»7i, . . . , ?) s ) e H s l<ii,...,ia< 
»7i + • • ■ + Vb = V 

but for j] E H, one easily sees that 

pirn = 

F = ."i 

[|F|| = 

P < («°((»?)) 

and this terminates the proof. 

□ 

Remark 1 The mechanism of arborihcation of moulds has in effect been in- 
dependently rediscovered by Ander Murua in |29j . involving Connes-Kreimer 
Hopf algebra, for efficient calculations involving Lie series in problems of con- 
trol theory; in that paper, the author is then also lead to coarborification by 
considering the graded duals, and going thus to the Grossman-Larson algebra. 

In the reverse direction, Wenhua Zhao (see [33], [33], [35]) has for his part 
rediscovered the constructions of coarborification and then obtained in effect 
the mechanisms of arborification by dualizing and going to CK. Notably, Zhao's 
results concern in fact both plain and contracting arborification. 

More recently, the universal property of CK has also been used (in the non 
decorated case) in the same way as in our presentation, for a factorisation of 
characters of the quasishuffle algebra in [5] . 

It must be stressed, however, that the crucial properties for the analyst come 
after these general constructions: namely the existence of closed-form expres- 
sions for the aborified moulds, which make it possible to obtain the necessary 
estimates, as we shall see below. 

A very striking instance, though, where an independant approach has exactly 
lead to arborification, once translated in terms of characters of the relevant Hopf 
algebras, and includes for the applications a crucial closed-form is [16]. Finally, 



I ^r/i ' ■ ' ^rjs ^ ^ X% x . . . Xi x &Xi l • • • 3> 



-a% 1 ...ai ] ° a x r >i + --- +r >>x il ...x ix d Xii ...d : 

E p < (^...^) 
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in several very recent works in the algebraic theory of non-linear control (see 
[28] and the references therein) some particular characters of the same class of 
Hopf algebras we are involved with in the present work show up, which translate 
into moulds of constant use in Ecalle's papers. 

5.4 Some examples. 
5.4.1 The shuffle case. 

For the tree 

I 

m V3 

t= \ / 
m 

we get 

under the strong assumption on the spectrum (the A; are independant over the 
integers), for the character £ given by 

£(r?i,...,?7 s ) = 



(A, 771 + ... + r] s )(X,T]2 + . . . + r) a ) . . . (A, 77«) 
A simple computation yields : 

£<(t) = £(a(t)) = — -ri — — — 

(A,r?i +m + m + m){Km)\Km + m)\Km) 

For this character, even if the evaluation of £ < on a tree involves evaluation of 
£ on many sequences, there exists finally a surprisingly simple formula for ^ K : 

Proposition 8 Let f be a tree with s vertices decorated by 771,..., rj s . For 
1 ^ i $J s if ti is the subtree of f whose root is labelled by rji, then 



^ <(/) n<A,iM) 



The reader can check this formula on the previous example where 
h= W t 2 = m , t 3 = I , U = '74 

m m 

Proof This result can be proved recursively on the number s of vertices (i.e. 
the size of the forest). For forests of size 1, this formula is obvious. 

If / is a forest of size s ^ 2 with at least two trees : / = t\ . . . t n (n 2), 
then 

c < (/)-e < (^i)--.e < (tn) 
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but the size of each tree is less than s and we get by recursion the right formula. 
If t is a tree of size s ^ 2, then t = #+(/) and 

f<(t) = 5WB|(/)) = r + W/))) 

but, for any sequence rj, 
thus 

r<<>-«MM/>»-<^^)-<s^</) 

and, once again, we get recursively the right formula. □ 

5.4.2 The quasishuffle case. 

For the tree 

m 

I 

m V3 

t= \ / 
m 

we get 

under the strong assumption on the spectrum, for the character \ given by 

X(m, ■■■,Vs)= y m+ ... + , ls _ i^i V2 +...+, ls _!)... (Jffs - i) 
A simple computation yields : 

1 



X < (t)= X (a(t)) 



(lm+ri2+r)3+V4 - l)(/r, 2 _ 1)(7>J 3 +r,4 _ 1)(^4 _ 1) 

and the same proof as before gives 

Proposition 9 Let f be a tree with s vertices decorated by r]i,...,T] s . For 
1 ^ i ^ s if ti is the subtree of f whose root is labelled by rji , then 

x < (f) = n _ 

i— 1 v ' 

Once again the formula is surprisingly simple and as we shall see in the fol- 
lowing section, if we have "geometric" estimates on such an arborified character 
we will prove the analyticity of the associated diffcomorphism. 

But we still have to work with strong assumptions on the spectrum. We will 
circumvent this difficulty using the following remarks : 
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1. One can obtain the above formula without arborification by translating di- 
rectly the linearization equations as character equations on CK# . 

2. We will then prove that, in order to define the corresponding diffeomorphism, 
it is sufficient to compute a character on a sub-Hopf algebra of CK# were the 
sought character is well-defined under the weak assumption on the spectrum. 



6 Back to linearization 

6.1 Equations for characters of CK#. 

As in section [3l if 

X = X lin + ^ B„ = X lin + P 

with X hn — Yli<i< v ^i x i®xi, the vector field P is given by the infinitesimal 
character u on CK# : 

1 if / = •„ 

otherwise 



«(/) = 
That is to say : 



X = X lia + B„ = + «(/)P < (/) 

The diffeomorphism <p that linearizes X (X ,F V = F V .X) can be obtained as 
tp = S p < (£) where £ is a character on CKh such that 

V£ = £ * u 

where 

(Vx)(/) = (A,||/||) X (/) 

It is then easy to check directly on this equation that if (A, 77} ^ for any rj in 
H, this character is uniquely defined and is given by proposition 8. 
On the same way, for a diffeomorphism / o / where 



the character £ on CK# given by 
£(/) = 

is such that 



1 if / = •/?!•■• •v, 

otherwise 



fe^H 
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and if x is a character such that 
then ip = S p < (x) is such that 

/ lin o/o FV o / lin 

Once again, if, for any i) e fl, C / 1, then \ is well-defined and is given by 
proposition 9. 

We still have the strong condition because, in order to compute such char- 
acters on a forest /, one has to divide by (A, ||/||) or 1^ - 1 and ||/|| runs over 
H. But, as we shall see, when considering a substitution automorphism 

F= E X(/)P<(/) 
fe^H 

there are many forests / such that p < (f) = 0. Omitting these terms in the 
series defining F, one can consider that / runs over a subset J 7 ^ of Th which 
is the linear basis of a sub-Hopf algebra CK^ of CK ff . We will thus be able to 
consider the previous character equations on CK^ and there will exist a unique 
solution as soon as (A, rj) ^ or — 1 ^ for all n in H . 

6.2 The non-resonance condition and the subalgebras of 

Definition 5 Let CK^} be the subspace of CK# whose algebraic basis is given 
by the trees T such that for any admissible cut c of T where (i? c (T), P C (T)) = 
Xi, . . . , T s , \\Ti\\ is in H (1 ^ i ^ s). We note this set of trees and the set 
of forests of such trees . 

It is readily checked that CK^ is a sub-Hopf algebra of CK# . But one can 
also prove the following : 

Theorem 8 If a forest F in Fh does not belong to F^, then 

p<(F) = 

Proof Starting with with a diffeomorphism or a vector field, it is clear that 
for rj E H , the image of the one node tree, decorated by n, we have: 

p<(r ] ) = J2u i n x^d Xi 

i=l 

where u l v G <D. For any forest F = T\ . . .T s in Fh, P < (F) is an endomorphism 
of <C[x] such that 

p<(T 1 ...T s )= E P z F u - is (u)x^ + ^+- + ^d Xii ...d Xis 

ls^ii ,...,i s 
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where the coefficients Pp'"' %s {u) are polynomials in the variables u = {u^} with 
coefficients in Q+ (Pp'- is (u) £ Q + [[u]]). 

Let us first consider a tree T in Th such that ||T|| $ H. This means that, 
for 1 < i < v, \\T\\ + a g !N' y . But 

P <{T) = j^pi r (u) x \\ T ^ dxt 

»=i 

with 

P^(u)x" T ll +e * =p<(T).x 4 g <□[*] 

and, since xll T H +e * is not in <D[x], for U K f, = and P < ( T ) = °- 

Now, from the recursive definition of p < , if i* 1 = T\ . . . T s with at least one tree 
T lQ such that ||T;J £ H, then 

p<(Ti...T a )=0 

Now let T be a tree such that there exists an admissible cut c of T where 
(i? c (T),P c (T)) = (T ,7i ...T s ) with at least one ||T,|| ^ H (T £ T H /T£). From 
the previous property one can deduce that either p K (To) = or i o < (Ti . . . T s ) =0 
thus, 

p < (T 1 . . .T s ).p<(T ) = = p< o 7r(P c (T) ® i? c (T)) 

where 7r is the the product in CK^, dual to the coproduct of CK#. But thanks 
to the definition of this coproduct 

tt{P c {T) ® R C {T)) = cT + Q 

where c £ N* and Q is a combination of forests with coefficients in N. Now 

p<(T 1 ...T s ).p<(T ).x i = = cP^(u)x^+^+p<(Q).x l = {cP l T (u)+Q\u))x^+^ 

this means that the polynomial cP^(u) + Q l {u) is zero but, since it is a linear 
combination (with positive coefficients) of polynomials in 

P l T (u) =Q l {u)={) 

and then p < {T) = 0. Using once again the recursive definition of p<, we obtain 
that if F £ F H /Fh> P < (F) =0- □ 

This means that, if p is the projection of CK# on CK^ or of CK^ on CKj," 
defined by 

VF£F H , P(F) = { F . f F l/+ 

then p< op is still a Hopf morphism. Moreover, for any character on \ on GK H 
or CK^ , x o p is a character on CK^ and 

Y J X(F)p < (F) = Y J X(p{F))p < (p{F))= X(F)P<(F) 

F F FeCK+ 
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In other words, in the linearization equation, one can look for a substitution 
morphism given by a character on CK^} and this one is well-defined as soon as 
we have the weak non-resonance condition. 

Thus, this Hopf algebra CK^, which does not appear in the literature, is the 
relevant object one has to use, in order to recover the usual results on formal 
linearization : 

1. It works with the classical conditions on the spectrum; no extra assumption 
is needed. 

2. The diffeomorphism is expressed by a character which is given without am- 
biguity. 

It remains to prove that CK^ is also extremely well-suited to consider the 
analyticity of such a diffeomorphism. In other words, the Hopf algebra CK^ is 
the right algebra to deal with questions of convergence in linearization problems 
(and in fact also in more general normalization problems, in situations involving 
resonances). 

6.3 Major ant series and analyticity. 

Using majorant series, it is easy to see that 

Gana = {</?= (lf\, . . . ,lf v ) g G \ <Pi{x) g €{x}} 

is a subgroup of G and this still holds for many subsets of diffeomorphisms 
whose coefficients satisfy some particular estimates (see |25j). 

Theorem 9 Let B = {B v £ R + , rj £ H} be a set of submultiplicative esti- 
mates : for all 77,771,772 in H such that 77 = 771 + 772, B m B ri2 B n = B m+m . 
Let Gb be the subset of G of diffeomorphisms ip such that there exists A > 
and 

Then Gb is a subgroup of G. 

The complete proof can be found in |25j . It relies on majorant series : let 
tp(x) — x + u(x) in G, we say that ip{x) = x + v(x) is a majorant series of if 
{if < VO if, 

VI < i < */,Vt7 g Hi, \(p\,\<il>* 

For a given set B and A > 0, let ipB,A be the diffeomorphism such that 
C l v (ip B ,A) = B V AW. It is clear that ip B ,A 

is in Gb and ip belongs to Gb if 

and only if there exists A > such that 

f < 1pB,A 

Now the proof of the theorem relies on classic estimates that gives : 
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1. If tpi -< ipB,A! and v?2 -< V'B.Aa then there exists A 3 > such that y>i o 932 -< 
ipB,A 3 - In other words, Gb is stable under the composition of diffcomor- 
phisms. 

2. If ipi -< ipB,Ai then there exists ^2 > such that 1 -< Vs,A 2 an d this 
finally proves that is a subgroup. 

Note that the analytic subgroup corresponds to Gb with, 

V?7 e H, B v = l 
Now, using the same ideas as in [35], one easily gets that 

Theorem 10 Suppose that, the map p < , restricted to CK^° is such that : 

P < ('v) = E u% r, xVx Ai 

with |u* I s$ B V AM for some A > 0. If x is a character on CK^ such that, for 
all forests F e CK^, 

\ X (F)\ < C gr(F) 
i/ien i/ie diffeomorphism ip such that 

FGCK+ 

is m Gs. 

Proof If we consider 

u(x) = . . .,u„{x)) 

where 

lti(x) = Xj + ^ p < (» r ,).Xi = Xi + 2J U^Xi 
r]£H V^Hi 

then m -< V'b.a = ^- We note p u = p < and /?„ the similar morphism such that 

For any forest F — T\ . . .T s in J 7 ^ , we have once again 

Pu {Ti-.-T s ) = E 4 1 '- is (^ l|F|l+e<1+ - +e4 ^x <1 ...9x <s 

where the coefficients P^. 1 '"' *(it) are polynomials in the variables u = {u l n } 
with coefficients in (Q + (Pp'"' is (u) € Since the coefficients of such 

polynomials are non-negative, it is clear that 

\P%>" i '{u)\^P%'" i '(v) 



43 



and if 

<p(x)=Q v .x = £ x(F) Pu (F).x 

FGCK+ 

we have that 

Vi?)* E \x(F)\ Pv (F).x ~< C^p v {F).x = <t>{x)eG 

FGGK+ FeCK+ 

The map £ defined on CK^ by £(F) — C ST ^ F ' is a character and it is easy to 
check that its inverse is defined by 

This means that 



2x - ±v{Cx) 

As v is in Gb, so is (f>° and, since Gb is a group, we have 

(p(x) -< <p(x) e G B 

and ip is in Gb- O 

The previous argument is a systematization of a process that was introduced 
by one of us (FM), and implemented in 2 previous papers (|26j. |25j). regarding 
respectively non-linear q-difference equations and "Birkhoff decomposition" in 
spaces of Gevrey series. 

6.4 Growth estimates for the arborified moulds 

In order to give a nontrivial application, we show how Brjuno's classical result on 
linearization for non resonant fields can be obtained, once we match the previous 
estimate on the comould side with another one, regarding the geometric growth 
of the arborified mould. 

We start with the vector field case and we denote by M < the mould corre- 
sponding to the character £, for which a closed-form expression was obtained 
above. 

In order to avoid technicalities in diophantine approximation, in the present 
work which is focussed on algebraic constructions, we shall consider vector fields 
which satisfy the following strong version of Brjuno diophantine condition: 



[ 1 if F = % 

[ otherwise 

Sfgck+ €*~\f)p u (F).x 
= 2x-(x + Y. v e H C^ n) Pv{^).x) 
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12 i Lo §( 



n(2 fc +!) 



1 



) < oo 



where fl(h) ~ £l(h) — min {\(n, A}|, rii £ Z, | (n, A) \ > and^ n.^ ^ /i} 

Proposition 10 TTie arborified mould M < has a geometric growth : there exists 
a constant K such that for any arborescent sequence r] < , we have |M" | < 

^gr( T 7 < ) 

All proofs of normalization results under Brjuno's arithmetical condition 
rely at some point on an key estimate, usually known as a "Brjuno's counting 
lemma" (see e.g. the classical paper by J. Poeschel [3D] for a particularly clear 
exposition of this, in the case of diffcomorphisms). The proof of the previous 
proposition will indeed also crucially depend as well on a version of a counting 
lemma which we give below. In the form that we use here, estimate is proved 
in the paper [3J for the version of the lemma that is relevant for the case of 
diffeomorphisms) . The paper |17) . for example, explains the way trees appear 
naturally in this context; it is then straightforward to translate the version of 
the counting lemma for fields which is contained in Brjuno's seminal paper in 
the language of trees. 

Note however that our presentation is different and totally independant of 
the one used in [17] and [3J but it is the very same counting argument that is 
crucial, as in any other proofs of results involving Brjuno's condition. The proof 
of the proposition itself will simply consist in regrouping subtrees in "slices" that 
determined by a total weight comprised between 2 successive values of fl(2 l ). 

Lemma 2 (Tree version of "Brjuno's counting lemma") 

Let 77 < an arborescent sequence of length r and let s = gr(r; < ) (we consider 
here only sequences such that (A, ||?7||) ^0). 

Let I be a nonnegative integer and N be the number of subtrees r\f of r/ < 
that satisfy the following inequality : 



Let us now consider an arborescent sequence r/ < , let s = gr(rj < ) and let I 
be the integer such that 2 l ^ s < 2 l+1 

Let us recall the closed-form expression of the mould: 



-Q(2^)^(X,\\ V <\\)<^ 1 ) 



Then 




< 



1 



(i ^ j, for the arborescent order) 




We immediately obtain : 
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Then the lemma implies 



log |M" 



,< 



io g (n 



- 1 (2"+ 1 )) 
~2u 



s 








and the conclusion follows from the convergence of the series above, which is 
exactly Brjuno's condition. 

The case of diffeomorphisms is settled in exactly the same way. We denote 
by N K the linearizing mould that corresponds to the character \i an d we have 
the following: 

Proposition 11 The arborified mould N < has a geometric growth : there exists 
a constant D such that | < D^fa*) 

The proof goes along the same lines as for vector fields, using instead the 
following closed form: 

N 11 = ; r (i ^ j for the arborescent order) 

ni( e27r ' — -o 

and applying the relevant counting lemma as in [3J. 

6.5 The analytic normalization scheme with CK^ 

Let us recollect now the scheme for linearizing a non resonant dynamical system, 
using the Hopf algebra CK^ : 

1. We express the equation regarding the normalizing substitution automor- 
phism as an equation on characters of CK^ 

2. We solve this equation, obtaining this way a well-defined character, even for 
forests displaying "fake resonances" for some of their subtrees 

3. We prove some geometrical growth estimate for this character, by using the 
Diophantine hypothesis on the spectrum 

4. We match this with the geometric growth for the comould part in the expan- 
sion 

5. We obtain a convergent series of operators, which makes it possible to con- 
clude to the analyticity of the transformation thus constructed 

So in fact, stricly speaking, we don't need to arborify moulds, we can work 
from the outset at the arborescent level, and directly at the level of the algebra 
CK + , which is the one the underlies all the computations, and for which no 
fake obstruction remain. However, plain (i. e. non arborescent) moulds are 
nevertheless very useful because it is usually easier to guess a closed-form ex- 
pression for them, before proving that their arborescent counterparts also have 



46 



a closed-form of the same kind (and this is a very general phenomenon for the 
use of arborification, cf [26] and [25]). 

To dispell any idea that the scheme we have described in the present text 
is too special and only limited to giving a new the proof of already well known 
results achieved by common methods, let us indicate 2 directions: 

- A natural question is the linearization of nonresonant dynamical systems 
for data of various classes of regularity. In [3], the author proved new results 
of linearization for diffeomorphisms or vector fields which are formal series with 
Gevrey growth estimates, under a Brjuno condition. It is straightforward to get 
the same results with the mould apparatus, using the approach detailed in the 
present text. The algebraic constructions are exactly the same, all the results 
on the mould side can be used unchanged, the only supplementary thing is to 
show the geometric growth for the comould part, adapted to spaces of Gevrey 
series, instead of analytic ones, which is easy. Now, the point is that in order to 
go beyond such results performed on formal spaces of series with some growth 
conditions, to tackle the same question for functional spaces, e. g. data which 
are summable in one variable, or multisummable, or resurgent, the same scheme 
remains valid in the mould/comould formalism, whereas under other approaches 
would require ad hoc estimates that would be quite difficult to prove. 

- Next we can consider the question of normalization of resonant local dy- 
namical systems; there, linearization is generically not possible using formal 
series, but there are simple normal forms and the normalizing series are gener- 
ically divergent ([24], [9]). The substitution automorphisms for the normaliz- 
ing transformations can be expressed by mould/comould expansions, where the 
moulds take their values in some algebra 1Z of resurgent functions [9]. In the 
presence of diophantine small denominators, the arborification/coarborification 
machinery is used in the same way as in the present paper; in this Hopf-algebraic 
presentation, arborification is a factorization of characters from CK to the (com- 
mutative) algebra 1Z and the comould constructions are exactly the same (and 
CK + plays an important role, there, too). All the constructions and theorems 
are already in Ecalle's foundational papers, but with arguments that are very 
concise; the presentation we give yield easy proofs of algebraic properties of the 
arborification formalism and makes it possible to connect it to some very recent 
work in algebraic combinatorics. Applications of arborescent moulds go much 
further than its original domain of application, namely irregular singularities of 
local dynamical systems : Stochastic Processes, in particular the theory of rough 
paths is one striking example (see in particular section 4.2 of [16], where the 
concept of extension is exactly the factorization of characters as we have formu- 
lated it; see also [11]); the fast expanding algebraic theory of non-linear control 
theory, with Hopf algebraic formulations of (Lie-)Butcher series is another one 
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7 Conclusion. 



Ecalle's mould-comould formalism has been in the present text given a pre- 
sentation in terms of some Hopf algebras (Faa di Bruno, shuffle, quasisfmfflc, 
Connes-Kreimer, Grossman-Larson...) which are by now standard objects in 
algebraic combinatorics. In this way, symmctral moulds appear as characters 
of a decorated shuffle Hopf algebra, and Symmetrel ones as characters of a 
quasishufnc one. Next we have shown that arborification (resp. contracting ar- 
borification) of moulds is the outcome of a factorization of characters, by using 
a universal property satisfied by Connes-Kreimer Hopf algebra. 

Then, going to the graded duals, we have been able to characterize the 
fundamental process of homogeneous coarborification in a simple way, and con- 
sequently easily obtaining justifications of its properties, by building on known 
facts regarding Grossman-Larson Hopf algebra. 

We have introduced a subalgebra of the decorated Connes-Kreimer algebra 
which underlies the calculations of normalization of analytic dynamical systems 
at singularities. Namely, computing a normalizing transformation will amount 
to finding a character of this algebra, which satisfies a particular equation that 
directly comes from the normalization relation itself. In the present paper, 
we have illustrated the method by the well-known problem of linearization of 
non-resonant dynamical systems in any dimension, in the presence of small 
denominators. In problems involving resonances together with small denomina- 
tors, the same Hopf-algebraic apparatus governs the calculations and the only 
thing that changes is that the characters are not scalar any more but take their 
values in relevant algebras of resurgent functions. 

References 

[I] V. I. Arnold, Geometrical Methods in the Theory of Ordinary Differential 
Equations. Springer, 1983. 

[2] A. D. Brjuno, Analytic form of differential equations. Trans. Moscow Math. 
Soc. 25 (1971), 131288, and 26 (1972), 199239. 

[3] T. Carletti, The Lagrange inversion formula on non-Archimedean fields. 
Non- Analytical Form of Differential and Finite Difference Equations, Dis- 
crete Contin. Dyn. Syst. 9 (2003), no. 4, 835-858 

[4] A. Cayley, On the theory of the analytical forms called trees, Philosophical 
Magazine Series 4, 13(85), 1857. 

[5] D. Calaque, K. Ebrahimi-Fard and D. Manchon, Two interacting Hopf al- 
gebras of trees: A Hopf-algebraic approach to composition and substitution 
of B-series. Advances in Applied Mathematics, 47(2), 2011. 

[6] F. Chapoton, The anticyclic operad of moulds, International Mathematics 
Research Notices 2007 (2007) rnm078 



48 



[7] A. Connes and D. Kreimer, Hopf algebras, renormalization, and noncom- 
mutative geometry, Comm. Math. Phys. 199 (1998), 203242 

[8] K. Ebrahimi-Fard and D. Manchon, The combinatorics of Bogoliubov's 
recursion in renormalization, in Renormalization and Galois Theories, A. 
Connes, F. Fauvet and J.-P. Ramis (eds.), EMS Publ. House, Zurich, 2009 

[9] J. Ecalle, Singularites non abordables par la geometrie. (French) [Singular- 
ities that are inaccessible by geometry] Ann. Inst. Fourier (Grenoble) 42 
(1992), no. 1-2, 73-164 

[10] J. Ecalle and B. Vallet, The arborincation-coarborification transform: an- 
alytic, combinatorial, and algebraic aspects. Ann. Fac. Sci. Toulouse Math. 
(6) 13 (2004), no. 4, 575-657 

[11] K. Ebrahimi-Fard, A. Lundervold, S.J. A. Malham, H.Munthe-Kaas and H. 
Wiese, Algebraic structure of stochastic expansions and efficient simulation, 
larXiv:1112.5571l 

[12] H. Figueroa and J. Gracia-Bondia, Combinatorial Hopf algebras in quan- 
tum field theory I, Rev.Math.Phys. 17 (2005) 

[13] J. F. Carinena, K. Ebrahimi-Fard, H. Figueroa and J. M. Gracia-Bondia, 
Int. J. Geom. Meth. Mod. Phys. 4, 577-646, 2007 

[14] L. Foissy, Les algebres de Hopf des arbres enracines decores I, Bull. Sci. 
Math., vol 126, 3, 2002, 193-239 

[15] L. Foissy, Les algebres de Hopf des arbres enracines decores II, Bull. Sci. 
Math., vol 126, 2002 

[16] L. Foissy and J. Unterberger, Ordered forests, permutations and iterated 
integrals, larXiv: 1004.52081 

[17] G. Galavotti, Exact Renormalization Groupe, IHP Seminaire Bourbaphy, 
CNRS, 2002 

[18] R.Grossman and R. J. Larson, Hopf- algebraic structure of families of trees, 
J. Algebra, Vol 126, 1989, nol, 184-210 

[19] R. Grossman and R. J. Larson, Hopf- algebraic structure of combinatorial 
objects and differential operators, Israel J. Math., Vol 72, 1990, no 1-2, 
109-117 

[20] M. Hoffman, Commutative Hopf algebras of trees and (quasi)symmetric 
functions, in Renormalization and Galois Theories, A. Connes, F. Fauvet 
and J.-P. Ramis (eds.), EMS Publ. House, Zurich, 2009, pp. 209-227 

[21] Y. Ilyashenko and S. Yakovenko, Lectures on analytic differential equations, 
GTM vol. 86, AMS, 2008 



49 



[22] D. Kreimer, Chen's Iterated Integral represents the Operator Product Ex- 
pansion, Adv.Theor.Math.Phys. 3 (1999) 627-670 

[23] D. Manchon, Hopf algebras, from basics to applications to renormalization, 
Comptes Rendus des Rencontres Mathematiques de Glanon 2001 (pub- 
lished in 2003), |arXiv:math/0408405 

[24] J. Martinet and J. -P. Ramis, Problemes de modules pour les equations 
differentielles non lineaires du premier ordre, Publ. Math. I.H.E.S., Vol. 55, 
1982, 64-164 

[25] F. Menous, On the stability of some groups of formal diffcomorphisms by 
the Birkhoff decomposition. Adv. Math. 216 (2007), no. 1, 1-28 

[26] F. Menous, An example of local analytic q-difference equation: analytic 
classification, Ann. Fac. Sci. Toulouse Math. (6) 15 (2006), no. 4, 773-814 

[27] F. Menous, J.-C. Novelli and J.-Y. Thibon, Mould calculus, polyhedral 
cones, and characters of combinatorial Hopf algebras, arXiv:1109.1634 

[28] A. Lundervold, H. Z. Munthe-Kaas, On algebraic structures of numerical 
integration on vector spaces and manifolds, arXiv:1112.4465 

[29] A. Murua, The Hopf algebra of rooted trees, free Lie algebras, and Lie 
series. Foundations of Computational Mathematics, 6(4), 387-426, 2006. 

[30] J. Poschel, On invariant manifolds of complex analytic mappings near fixed 
points, Expo. Math. 4 (1986), 97-109 

[31] H. Riissmann, On the convergence of power series transformations of ana- 
lytic mappings near a fixed point into normal form. Preprint IHES, 1977. 

[32] F. Chapoton, Florent Hivert, J.-C. Novelli and J.-Y. Thibon, An opera- 
tional calculus for the Mould operad, arXiv:0710.0349 

[33] W. Zhao, A noncommutative symmetric system over the Grossman-Larson 
Hopf algebra of labeled rooted trees. J. Algebraic Combin. 28 (2008), no. 
2, 235-260 

[34] W. Zhao, Differential operator specializations of noncommutative symmet- 
ric functions, Adv. Math. 214 (2007), no. 2, 639-665 

[35] W. Zhao, Noncommutative symmetric systems over associative algebras. J. 
Pure Appl. Algebra 210 (2007), no. 2, 363-382 



Frederic Fauvet, IRMA, Universite de Strasbourg, 7 rue Descartes 
67084 Strasbourg Cedex, France, fauvet@math.unistra.fr 

Frederic Menous, Bat. 425, Universite Paris-Sud, 91405 Orsay Cedex, France. 
Frederic . Menous@math.u-psud. f r 



50 



